Quasi-Equatorial Gravitational Lensing by Spinning Black Holes in the Strong Field Limit by Bozza, Valerio












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2non-negligible spin [14]. In particular, the value
jaj  0:088 (1)
has been proposed, but high uncertainties in the assump-
tions behind the calculations may push the spin towards
even higher values.
The purpose of this paper is to investigate the rele-
vance of the black hole spin in strong eld lensing phe-
nomenology. We formulate the strong eld limit for Kerr
black hole lensing, considering trajectories close to the
equatorial plane. With this limitation we cannot give a
complete description of the whole phenomenology, which
we shall delay to future works. However, as we shall
see, quasi-equatorial motion gives very important indica-
tions which are very useful to understand also the general
case. In Sect. 2 we recall some general properties of Kerr
geodesics. In Sect. 3 we carry out the strong eld limit
expansion of the deection angle on the equatorial plane
in a Kerr geometry. In Sect. 4 we move o from the
equatorial plane and consider trajectories at small decli-
nations. In Sect. 5 we write the lens equation on the
equatorial plane. In Sect. 6 we write a polar lens equa-
tion dealing with displacements normal to the equatorial
plane. In Sect. 7 we nd the positions of the caustic
points and the magnication of all images. Sect. 8 con-
tains the summary.
II. GEODESICS IN KERR SPACETIME
































































where a is the specic angular momentum of the black















for jaj < 0:5. Beyond this
critical value there is no event horizon and causality vi-
olations are present in the whole spacetime, with the
appearance of a naked singularity [16, 17]. We shall





# = 0 is the static limit bounding the region
where every static worldine (x = # =  = 0) becomes
spacelike. The region between the static limit and the
horizon is called ergosphere: here everything is bound to
rotate around the black hole.













FIG. 1: The three parameters identifying an incoming light
ray.
as the Lagrangian.
In general, we can identify a light ray coming from
innity by three parameters (Fig. 1). If there were no
gravitational eld, a photon would proceed on a straight
line. Its projection on the equatorial plane would reach
a minimum distance u, which we shall call the projected
impact parameter. At this minimum projected distance,
the light ray would have some height h on the equatorial
plane. Finally, the inclination  
0
is the angle that the
light ray would form with the equatorial plane. When
we switch on the gravitational eld, the light ray is ob-
viously deviated from this ideal straight line, but these
three parameters can still be used to label any light ray
coming from innity.
Two costants of motions are the energy and the angular









By a suitable choice of the aÆne parameter, we set
E = 1 (8)
and write the angular momentum in terms of the initial
conditions
J = u cos 
0
; (9)






in terms of x, # and the initial conditions. L is another
constant of motion, which vanishes for null geodesics and






















The integral of motion Q can be expressed in terms of
















3In this way, the geodesics equations are reduced to four
rst order dierential equations, suitable for a detailed
study.
III. DEFLECTION ANGLE IN THE
EQUATORIAL PLANE
In this section, we consider light rays lying on the equa-
torial plane # =

2
by setting h =  
0
= 0. The reduced






































What we say in this section is immediately extendable
to any axially symmetric spacetime if we replace Eq. (13)
by any other expression.
As  
0
= 0, by Eq. (9) the angular momentum J coin-
cides with the impact parameter u. In general, a light ray
coming from innity will approach the black hole, reach
a minimumdistance x
0
and then leave again towards in-
nity. Evaluating the Lagrangian at x = x
0
, we nd an
implicit relation between J = u and the closest approach
distance x
0















where all the functions with the subscript 0 are evaluated
at x = x
0
. The impact parameter u is then univocally
determined by x
0
and vice versa. Choosing the positive
sign before the square root, we describe only light rays
winding counterclockwise when seen from above. For a >
0 the black hole also rotates counterclockwise, while for
a < 0 the black hole and the photon rotate in opposite
senses.
























































Integrating this expression from x
0
to innity we nd
half the deection angle as a function of the closest ap-
proach. Given the symmetry between approach and de-




















The expression for a spherically symmetric metric,















reaches a minimum value x
m
which represents
the radius of the photon sphere. If a photon falls inside
this sphere, it is destined to be absorbed by the black
hole. Of course, we will have dierent photon spheres
for photons winding in the same sense of the rotation
of the black hole (hereafter left-winding photons) and for
photons winding in the opposite sense (right-winding). In
general, we expect the latter to be absorbed more easily.
Their photon sphere will thus be larger than that of left-
winding photons, which can escape more easily. As we
shall see later, this is what happens.
Following the philosophy of the strong eld limit, we
look for an expansion of the deection angle of the form








+ b+ O (u  u
m
) (20)
where the coeÆcients u
m
, a and b depend on the metric




is the distance between
the lens and the observer, so that the angular separation





All the steps to be taken towards this nal expression
are very similar to those of Ref. [11], with few adjust-
ments. We shall sketch them very briey.
We dene the variables


















































) z + y
0
].
The function R(z; x
0
) is regular for all values of z and
x
0
, while f(z; x
0
) diverges for z ! 0. To nd out the
order of divergence of the integrand, we expand the ar-
gument of the square root in f(z; x
0























FIG. 2: The radius of the photon sphere versus the black hole
angular momentum. The solid line is the numerical solution,
the dashed one is the linear approximation.





, which can be integrated to give a nite
result. When  vanishes, the divergence is z
 1
which
makes the integral diverge. Then the outermost solution


































































which can be solved numerically for any value of the black
hole angular momentum. Fig. 2 shows a plot of the ra-
dius of the photon sphere as a function of a. The solution












As expected, for positive angular momenta, (left-
winding) photons are allowed to get closer to the black
hole, entering even the ergosphere (x
m
falls below 1) at
high values of a. It is possible to calculate exactly from
Eq.  = 0 at what angular momentum this happens.









For negative angular momenta, (right-winding) light rays
must keep farther from the center.
The procedure to nd the strong eld limit coeÆcients





) and f(z; x
0
) given by Eqs. (24),
(25) and (26), respectively. We shall not repeat the whole
technique here but just specify the results of Ref. [11] for
our metric.





















































































Fig. 3 shows the strong eld limit coeÆcients as func-
tions of a. u
m
decreases with a, while a and b grow to-
gether until the photon sphere falls inside the ergosphere.
Then, if the photon spends enough time in this region,
surprisingly they start to decrease. As a consequence of
this inversion, the images appear more packed and the
magnication decreases as we will see in detail in Sect.
VII.
IV. PRECESSION OF THE ORBITS AT SMALL
DECLINATIONS
The study of the deection angle for photons lying
on the equatorial plane is suÆcient to write a one-
dimensional lens equation. However, to address the caus-
tic structure and calculate the magnication of the im-
ages, we need a two-dimensional lens equation. For this
reason, in this section we analyze trajectories close to the
equatorial plane. They are described by one further coor-
dinate, which is the polar angle #. The problem becomes
too involved to be solved in general but we shall give
a complete description for quasi-equatorial motion, pre-
serving also the simplicity and immediacy of the strong
eld limit scheme.
In order to remain at small latitudes, we restrict to
light rays characterized by a small inward inclination  
0
and small height h compared to the projected impact





. Retaining the rst relevant
terms, from Eqs. (9)-(11) we get


































FIG. 3: CoeÆcients of the strong eld limit versus black hole






marked by the dashed vertical line, the photon sphere falls
inside the ergosphere.
We require the declination  =

2
 # to stay small (of
the order of  
0
) during the motion. Dividing Eq. (10) by
d
ds
, we get a simple evolution equation for  as a function



























In the Schwarzschild case (a = 0), ! ! 1 and Eq. (39)
is immediately solved to
 () =  cos(+ 
0
): (42)
After each loop around the black hole, the declination
returns to the initial value. This means that there is no
precession of the orbital plane, as expected for a spheri-
cally symmetric black hole.
For non-vanishing angular momenta, ! is no longer a
constant, since x depends on , and Eq. (39) cannot be
solved analytically. However, it is easy to approximate
!() by a simple polynomial function once we understand
its behaviour. We know that the photon comes from









We also know that !() is symmetric before and af-
ter  = 
f
=2, which is the azimuth when the minimum
distance x
0
























is typically smaller than !
1
when a > 0 and higher
when a < 0. Then !() starts from !
1
, decreases (in-
creases) to its minimum (maximum) !
0
at  = 
f
=2 and

















is known from Eq. (15). Evaluating






it is possible to calculate derivatives of arbitrary order
in  = 0 iterating the procedure. In this way, we can
approximate ! with an arbitrary accuracy. However, we


























matching with ! and !
0
at  = 0.
This is suÆcient to illustrate the whole phenomenology
and obtain realistic results saving the simplicity of the
analytic construction. Anyway, a higher precision can be
attained simply increasing the order of the polynomial
and involving higher order derivatives in  = 0.
6Once we have a manageable expression for !(), Eq.
(39) can be integrated immediately in the general case to
give
















Having approximated !() by a polynomial, this inte-
gral is trivial and the problem is completely solved.
As a general remark, we can say that for positive an-
gular momenta ! is always less than one. As the photon
approaches the black hole, ! decreases further and the
orbital plane suers a counterclockwise precession, i.e.
after each loop it is necessary an additional  to reach
the same declination  . On the contrary, for negative
angular momenta, ! starts from !
1
< 1 but becomes
greater than one as the photon approaches the black hole.
In this case, the precession is clockwise, i.e. the photon
reaches the same declination before completing a loop.
The integration constant 
0
in Eq. (47) is xed by the
initial conditions. In particular, we have to impose that
at  = 0 the declination is just minus the inclination of
the incoming photon trajectory, that we have indicated
by  
0
























In alternative, using the expression of 
0





































in our quartic approximation. This quantity has a central
importance in the discussion of Sects. VI, VII.
V. LENSING IN THE EQUATORIAL PLANE
Let us start from the ideal case when observer and
source both lie on the equatorial plane of the Kerr black
hole. The whole trajectory of the photon is then conned
on the same plane.
In previous works, the strong eld limit has been de-









FIG. 4: The lensing geometry projected on the equatorial
plane in the case of the rst relativistic image.  is the angular
separation between the image and the lens as seen by the
observer,  is the angular position of the source as seen by
the observer,  is the angular position of the source as seen










lens and observer. This because, for spherically symmet-
ric metrics, the better the alignment the higher is the
magnication. As we shall see in Sec. VII, this is no
longer the case for Kerr black holes. Therefore we shall
write the equatorial lens equation in a more general way.
The optical axis is the line joining the observer and
the lens. Setting the origin on the black hole, the angle
between the direction of the source and the optical axis
will be indicated by .  ' 0 is the case of almost perfect
alignment discussed in Refs. [8, 9, 10, 11]. From the
lensing geometry, illustrated in Fig. 4, we can write the
relation














is the distance between the lens and the source.








   () mod 2 (55)
In this lens equation  can assume any value in the
trigonometric interval [ ; ]. The source may even be
on the same side of the observer when  = . The rela-
tion between  and  (the angular position of the source







but here in general we cannot substitute the sines by
their arguments. D
OS
is the distance between source
and observer which is dierent from the distance covered





7To solve the lens equation, since   1, in a rst step


















where n = 1; 2; : : : indicates the number of loops done by
the photon around the black hole. This solution is then






























































Images are formed on both sides of the lens. As all
strong eld limit coeÆcients depend on a we have to be
careful and choose the correct sign for the angular mo-
mentum. Conventionally we call north the direction of
the black hole spin. Then photons winding counterclock-
wise are left-winding and are described by a positive a.
They form images on the eastern side of the black hole.
Images formed by right-winding rays appear on the west-
ern side and are described taking a negative a and revers-
ing the sign of .
VI. LENSING AT SMALL DECLINATIONS
The lens equation (55) describes trajectories lying on
the equatorial plane and can be employed to calculate the
positions of the relativistic images. However, to investi-
gate the problem on a deeper level we are forced to study
what happens at least for small displacements from the
equatorial plane. We shall assist Eq. (55) by its polar
counterpart, describe the caustic structure, compute the
magnication and have a precise idea of what happens in
the general case.
Thanks to the small declination hypothesis, at the low-
est order we can neglect any backreaction on the equato-
rial lens equation. In all our discussion we shall speak as
the photon were emitted by the observer and absorbed
by the source. Of course there is no dierence in which
direction we let the photon travel on its trajectory (apart
from the sign of a which must be chosen correctly).
Consider a source whose height on the equatorial plane
is h
S
. The height of the observer will be indicated by h
O
.




















FIG. 5: The lensing geometry projected on the vertical plane.
In this picture we have assumed  = 0 for simplicity.
used insofar to identify the incoming light ray, we can























Given the positions of source and observer, our pur-
pose is to determine  
0
, the inclination under which the
observer emits (sees) the light ray.
By symmetry between the outgoing and the incoming
parameters, Eq. (40) for  can be written substituting
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In this way, we can express h
f
in terms of  
f
and then,




















































C = cos 
f
: (68)
Finally, substituting h from Eq. (61) and discarding





























8In this equation  
0
is directly related to the heights of











































of the n-th image is the only quantity
that needs to be calculated preliminarly. However, once
the equatorial lens equation (55) is solved, we know the
total deection angle 
n





+. The closest approach x
0;n
is related to the
impact parameter by Eq. (35). We can then construct




As a consistency check we can see what we obtain in
the Schwarzschild case when the photon completes just
one loop around the black hole, exiting on the opposite
side. In this case a = 0 and 
f;n

















which is the correct result for photons passing very close
to the black hole, looping around it.
The consistency of our approximation requires that
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For a generic 
f
, both constraints are automatically
satised, since the second term in the denominators











. However, in the neighborhood of 
f
= k the
denominators of the two expressions can vanish, making









S = 0 (73)
denes the positions of the caustic points. In the next
section we will discuss this equation in connection with
the magnication of the images formed by sources close
to the caustic points which we call enhanced images.
Surprisingly, thanks to the dragging phenomenon, the
quasi-equatorial motion is nearly always satised, ex-
cept for enhanced images. In this situation the quasi-
equatorial motion hypothesis is satised only for partic-
ular geometric congurations which keep  
0
and h under
control. We can understand on a more intuitive ground
the distinction between enhanced and not-enhanced im-
ages and the formation of caustic points looking at Eq.
(51). For not enhanced images, 
f
is generic. In order
to vary  
f
and match any position of the source, we can
vary h, without touching  
0
. In fact, expanding Eq. (70)




















































negligible and sources with dierent h
S
are mapped very
close each other. This fact also causes the magnication
to be very low (see Sect. VII).
Enhanced images, on the contrary, by Eq. (73) are
characterized by 
f;n
' k. Their value of  
f
is locked
on the same value of  
0
(apart from the sign). To match
a variation in h
S
, it is necessary to vary  
0
consider-
ably. Higher variations in  
0
are translated into higher
magnication.
VII. MAGNIFICATION AND CAUSTICS
The magnication is classically dened as the ratio of
the angular area element of the image and the corre-
sponding angular area element of the source that the ob-
server would see if there were no lens. The angular area





































). In the horizontal direction, the source
element is span by d when seen from the lens which cor-








seen from the observer. If
we want to compare the luminosity of a lensed image with
the luminosity of the direct image (namely the source ob-
served directly along D
OS
without lensing), the magni-











Our lens application has the form








where the dependence on  in the polar lens application
is through 
f
and we have neglected the backreaction of
 
0













































By the equatorial lens equation (55), retaining the


















Here  can assume any negative real value, since  mod2
represents the angular position of the source (the former





is the number of loops
done by the photon. Englobing the number of loops in
, we can write a unique formula for all the relativistic
images.











































For a generic 
f







, but for the en-
hanced images,  may even diverge (formally for point-
like sources) when the denominator of Eq. (84) vanishes.
The s where this happens are called caustic points. At








The solutions of this equation determines determines the
angular positions 
k
of the caustic points for each k. To
have strong eld lensing, 
f
must be sensibly greater
than  which is the angular shift for a straight line. Then
k must be at least 2.

















To understand the nature of these caustic points, no-
tice that in the Schwarzschild limit 
k
(a) ! 1 and

k
(a) ! (k   1). So that all the odd caustic points
are aligned on the optical axis behind the lens on consec-
utive Riemann folds and the even ones are aligned before
the lens. We can recover the Schwarzschild magnication












































In Fig. 6 we plot the positions of the rst ve rela-
tivistic caustic points as functions of the black hole an-
gular momentum. The rst relativistic caustic point is
obtained when the photon turns around the black hole
and comes back towards the observer. 
2
is thus close
to   but is anticipated for negative a and delayed for
positive a. 
3
is the rst relativistic caustic point with








FIG. 6: The angular positions of the rst ve caustic points:
k = 2; 3; 4; 5; 6 from below to above. When  = 2m the
source is behind the lens, when  = (2m + 1) the source is
before the lens.
a source behind the lens. However, at large angular mo-
menta, 
3
becomes lower than  3 and the source is
again before the lens. In Schwarzschild lensing, a source
close to the optical axis behind the lens is close to all the
odd caustic points and all images are simultaneously en-
hanced. In Kerr lensing, the caustic points move o the
optical axis and are distributed all over the trigonometric
interval. For this reason, in general we can have only one
enhanced image at a time.
We can specify the magnication formula for the en-









































regulates the magnication close to
caustic points. The dependence on  has been extracted


















. So we can use

k
as a measure of the magnifying power of the black
hole for dierent enhanced images and dierent angular
momenta.





, which for a = 0 generates the rst relativis-
tic image of a source behind the lens. The magnication
decreases for negative angular momenta while grows for
positive a. However, when photons start to enter the er-
gosphere, the magnication rapidly falls down. This is
a direct consequence of the analogous behaviour of the
coeÆcients of the strong eld limit analyzed in Sect. III.









earlier. Moreover, the images become more packed in
this situation. The maximum magnication is achieved
at a ' 0:3 where we can gain a factor of the order 2 with
respect to Schwarzschild lensing. In practice this means
10









FIG. 7: The magnifying power at the caustic point 
3
.
that with a source at the same distance from the caustic
point, a Kerr black hole with a ' 0:3 magnies twice
more than the corresponding Schwarzschild black hole.
The shape of 
k
remains more or less the same for








The magnication of enhanced images falls quite rapidly
as we let the photons make more and more loops.
A. Critical curves and caustics
It is well known that the Jacobian of the Schwarzschild
lens has an innite series of Einstein rings [3, 5]. The
rst Einstein ring is the classical weak eld Einstein ring












Outside the Einstein ring the Jacobian is positive and we
have positive parity images. Inside the Einstein ring we
have negative parity images. The corresponding caustic
is the point at 
1
= 0.
At small impact parameters we enter the strong eld
limit of the Schwarzschild lensing and the light rays wind
around the black hole. The second Einstein ring is cre-
ated by photons coming back towards the observer. In-
side this second Einstein ring the Jacobian returns posi-
tive. The caustic is at 
2
= .
Decreasing u further, the light ray completes a loop
and we have the third Einstein ring, whose caustic point
is 
3
= 2 and is superposed on the rst caustic point
(on the second Riemann fold). Inside this Einstein ring
the Jacobian returns negative.
The Schwarzschild lensing and its extension to spheri-
cally symmetric metrics analyzed in Refs. [5, 8, 9, 10, 11]
considered a source behind the black hole, hence close to
the odd caustic points. In this situation, both n-th rela-
tivistic images are formed close to the (2n+1)-th Einstein
ring. For each n, the n-th image on the same side of the
source is outside the Einstein ring and is positive, the
image on the opposite side is inside the Einstein ring and
is negative.
What changes when we turn on the spin of the black
hole? As regards the rst Einstein ring of the weak eld
limit, it is distorted and shifted and the caustic point
turns into a nite extension diamond shaped caustic [19].
As regards the critical curves in the strong eld limit,





































They are closer to the optical axis on the positive a side
(for left-winding photons) and farther on the negative a
side (i.e. for right-winding photons). Therefore critical
curves are distorted and shifted towards the negative a
side, that is the western side, if north is the direction of
the spin.






intersections of the k-th caustic with the equatorial plane.
As j
k
( jaj)j < k and j
k
(jaj)j > k the caustic is
shifted towards the western side. From Fig. 6 we notice
that at high angular momenta the caustics may become
very large, covering even several Riemann folds! At the
lowest order in  and neglecting any backreaction on the
equatorial lens equation it is impossible to give a detailed
classication of the kind of catastrophes we encounter on
the equatorial plane. However, the fact that the rst
caustic in the weak eld assumes the typical diamond
shape of quadrupole lenses suggests a similar picture for
strong eld caustics. If this is the case, then the caus-
tic points 
k
on the equatorial plane are cusps. This is
consistent with the fact that if we let  decrease below
some 
k
the corresponding image changes parity. This
can happen only when at the critical point two images
are formed with the same parity of the original image
[20, 21]. These images rapidly move in the vertical direc-
tion and are missed in our quasi-equatorial approxima-
tion.
VIII. SUMMARY AND DISCUSSION
The modications to strong eld limit gravitational
lensing induced by the rotation of the central body are
indeed of considerable entity. The most apparent is the
formation of extended caustics which, for high angular
momenta, can cover several Riemann folds. This sit-
uation is radically dierent from spherically symmetric
black holes where the caustics are points aligned behind
and in front of the lens. While for a = 0 a source behind
the lens is simultaneously close to all odd caustics and
gives rise only to enhanced images, for Kerr black holes
the source can be close to one caustic at a time and thus
11
produces only one enhanced image. (To be more precise,
the number of caustics is innite and, at least in princi-
ple, the set of 
k
is dense in the trigonometric interval.
Therefore every source is close to an innite subset of
caustics, but it must be kept in mind that only the rst
relativistic caustics yield images signicantly amplied
for observations).
On the equatorial plane the magnifying power of the
caustics is of the same order as that of the Schwarzschild
caustic, but for photons winding in the same sense of the
black hole (left-winding) a factor 2 can be gained. Not en-
hanced images are always quasi-equatorial but have very
low magnication and can be neglected in observations.
The asymmetry between left-winding and right-
winding light rays is reected on the images: the rst
are closer to the optical axis and the second are farther
and more packed. Left-winding photons spend some time
inside the ergosphere if a > a
cr
. In this case the images
become more packed and the magnication falls down.
The study of quasi-equatorial Kerr gravitational lens-
ing is very instructive and has allowed us to discover a
great number of interesting features of spinning black
holes. However, before addressing the phenomenology of
the black hole at the center of our Galaxy and/or other
black holes, further investigation is necessary. In fact,
at least we need a punctual description of the caustic
structure not limited to the equatorial plane. Moreover,
the existence of extended caustics suggests the forma-
tion of pairs of non-equatorial images which are missed
in our approximation but could be relevant for the phe-
nomenology. The quasi-equatorial lensing, studied in this
work, must be considered as a rst fundamental step to
understand lensing by spinning black holes, but is not
the nal one. The complexity of the problem requires
a global approach in order to give correct and complete
answers to all observational questions. This settles as
the main objective for future work on strong eld gravi-
tational lensing.
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